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Dedicated to Mike Eastwood on the occasion of his 60th birthday 

Abstract. Q-prime curvature, which was introduced by J. Case and P. Yang, 
is a local invariant of pseudo-hermitian structure on CR manifolds that can 
be defined only when the Q-curvature vanishes identically. It is considered 
as a secondary invariant on CR manifolds and, in 3-dimensions, its integral 
agrees with the Burns-Epstein invariant, a Chern-Simons type invariant in CR 
geometry. We give an ambient metric construction of the Q-prime curvature 
and study its basic properties. In particular, we show that, for the boundary 
of a strictly pseudoconvex domain in a Stein manifold, the integral of the Q- 
prime curvature is a global CR invariant, which generalizes the Burns-Epstein 
invariant to higher dimensions. 

1. Introduction 

Tom Branson introduced the concept of Q-curvature in conformal geometry 
around 1990 |Brj in connection with the study of conformal anomaly of deter- 
minants of conformally invariant differential operators. Since then Q-curvature has 
played an increasing and central role in geometric analysis on conformal manifolds. 
Around the same time, we have introduced in [Hlj a pseudo-hermitian invariant on 
CR manifolds, which was coincidentally denoted by Q, in a study of the asymptotic 
expansion of the Szego kernel of strictly pseudoconvex domains. The CR version 
of Q was later shown to agree with Branson's Q-curvature defined with respect to 
FefFerman's conformal structure on a circle bundle over CR manifolds [FHj . Us- 
ing this correspondence, one can translate the properties of conformal Q-curvature 
to the CR analogue; see |GG) , [HPT]. However, there has been an important 
missing piece in this correspondence. In conformal geometry, the integral of the 
Q-curvature, called the total Q-curvature, is a global conformal invariant and its 
first variation under the deformation of conformal structure is give by Fefferman- 
Graham obstruction tensor [GHj . On the other hand, the total CR Q-curvature 
always vanish for domains in and has no relation to the obstruction function, 
which arises in the asymptotic analysis of the complex Monge- Ampere equation 
[Fl| . |G2| . Moreover, CR Q-curvature identically vanishes for a natural choice of 
contact form on the boundary of a domain in C^; see |FH) . jCC) . 

We claim that the missing piece can be filled by Q-prime curvature, which was 
introduced by J. Case and P. Yang (see Remark [TTT]) as a generalization of the work 
of Branson, Fontana and Morpurgo |BFM| on the 3-sphere . The idea is very 
simple: the vanishing of Q-curvature enables us to define a secondary invariant. 
We give here a heuristic argument for defining Q-prime curvature. We start by 
recalling the definition of Q-curvature in CR geometry. Let D C C"''"^ be a strictly 
pseudoconvex domain with C°° boundary M = dD. Then, by Cheng and Yau 
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[CY] . D admits a defining function r such tliat —iddlogr is Einstein-Kaliler witfi 
negative scalar curvature, whicti we normalize to be —n — 2. The defining function 
r also gives a metric on the trivial bundle C* x D. Denoting the fiber variable by 
z*' € C*, we define a Ricci-flat Lorcntz Kahler metric, called the ambient metric, 
on C* X by 

5 = -iaa(|z0|2r(z)). 
We can use this metric to construct CR invariant differential operators on M . Let 
A be the Laplacian of g. Then, for an integer ni € [— ri/2, 0] and a function / on 
D, 

/^n+2m+l|^0|2m A 

V J CxM 

is shown to depend only on the boundary value of / and is homogeneous in z°. Since 
the functions on C* x M with homogeneity in can be identified with densities 
on M, we obtain a family of CR invariant differential operators 

Pn+27n+i ■ £{m) £{-n - m - 1). 

Note that, if m ~ 0, then 1 G £{0) and P„+il = 0. Branson's idea is to consider the 
0th order term of Pn+i for higher dimensions + 1 and take the "limit as — n" 
after factoring out (N ~ n). A formal definition of Q-curvature is 

0„= lim -^fA"+i|zT^"''^^) 
One way to justify this limit is to consider Taylor expansion in — n. Using 

|^0|2(n-iV) ^g(n-iV)log|."P (^-^»)' (_lQg|^0|2)fc^ 

fc=0 

we have a "formal expansion" 

k=0 

where 

Q^'^-A"+i(-log|z°|Y|c-xM- 
While the expansion does not have clear meaning, the coefficients Q^*^-* are stan- 
dard quantities defined on an (n-|-2)-dimensional Lorentz Kahler manifold. Clearly, 
Qio) _ Q_ rpjjg second term Q'^-* gives the CR Q-curvature, which can be also con- 
sidered as the Q-curvature of the Lorentz metric on 5^ x M given by the restriction 
oi g. However, Q^^^ = because log|z°p is pluriharmonic. Hence the leading 
term of the expansion is Q^^\ which we define to be the Q-prime curvature and 
denote by Q' (see Definition 15.41) . A similar argument can be used to define a new 
differential operator acting on the boundary values of pluriharmonic functions, or 
CR pluriharmonic functions. If / is CR pluriharmonic, then Pn+if = 0; so we can 
define a nontrivial differential operator acting on CR pluriharmonic functions by 

p'/ = -A"+^(/iogiz°nic.,M' 

which we call the P-prime operator (see Definition 14. 2p . 

The definitions of Q' and P' depend on the choice of r and are not CR invariant. 
Since the Kahler potential has the ambiguity of adding pluriharmonic functions, 
the choice of r also has the ambiguity r = e^r, where T is pluriharmonic on D. 
Under this change of defining function, we have transformation rules (Propositions 
SJandES 

P'f = P',f + Pn+l{rf), 

Q' =g' + 2P'T + P„+i(T2). 
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A crucial fact is that P' and Pn+i are self-adjoint fTheorem l4.5p and P'l = P„+il = 
0. It follows that the integral, which we call the total Q-prime curvature, 



}\m) 



M 



is a CR invariant of M . By analogy with the fact that the total Q-curvature in 
conformal geometry is given by the logarithmic term in the asymptotic expansion 
of the volume of conformally compact Einstein manifold, one may hope that Q is 
a coefficient of the asymptotic volume expansion of D. It is indeed the case, but is 
not with respect to the volume form of g. We will show, in Theorem 15.61 that Q 
appears in the expansion: 

(1.1) / — =^a,e^-"-i+d„Q'loge + 0(l), 

where c?„ = (— l)"2^^(n + l)/{n\)'^. This formula can be applied to compute the 
variation of Q under the deformation of CR structures, which generalizes the for- 
mula (jl.5p in dimension 3 stated below. The detail will appear in our forthcoming 
paper with Yoshihiko Matsumoto and Taiji Marugame. 

In the case M has dimension 3, we can explicitly write down P' and Q' in terms 
of Tanaka- Webster connection. With respect to the contact form 9 = |(9 — d)r\M 
for r given as above, we have 

(1.2) P'f = Alf - Re Vi(ScalVi/ - 2iAnVV), 

(1.3) g' = ^AbScal+iscal^-IAp. 

Here Af, is the sub-Laplacian, V is the Tanaka- Webster connection, and Seal, A are 
respectively the scalar curvature and torsion of the connection. (These formulas 
were first derived by Case and Yang.) It turns out that the total Q-prime curvature 
agrees with the Burns-Epstein invariant /i(M), |BE1] . up to a universal constant 
multiple: 

q\m)^ [ (iscal^ -1^12)6* A d6l = -47rV(M). 
Jm 4 

From this fact we can also obtain the renormalized Gauss-Bennet formula: 

(1.4) L""^^^'^ ~ ^ ^^^^ ~ i^'W' 

where Ck{Rg) is the fcth Chern form defined from g] see |BE2] . Another consequence 
is the variational formula under the deformation of domains {-DtjtgK within C^. If 
D = Dq, then Dt for small t can be parametrized by a density f G £ {1} on M = dD 
and the first variation of q' (Mt), Mt = dDt, is given by 

(1.5) ^ g'(MO =2Re / fO, 

at t=o Jm 

where O is the obstruction function of Fefferman; see (j6.7l) . These two properties are 
good evidence that Q' is a natural object in CR geometry and contains important 
information that cannot be captured by the Q-curvature, which comes from the 
conformal geometry. 

We should mention the generalization of the Burns-Epstein invariant to higher 
dimensions by themselves |BE2j . The invariants are defined by renormalizing the 
Chern class of complete Einstein-Kahler metric on the strictly pseudoconvex do- 
mains in C"^^ as in (|1.4p . The construction uses a transgression formula given on 
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the Cartan bundle over the boundary; hence it is not easy to compare the inte- 
grand with Q' . Recently, a much explicit formula for the transgression is found by 
Marugame [M'; but the relation to Q' is yet to be studied. 

In this introduction, for simplicity, we have formulated the results for the bound- 
aries of strictly pseudoconvex domains in C""*"^ . But we prove all results for domains 
in Stein manifolds, or in some cases under weaker assumptions; see §7 for such gen- 
eralizations. We also need to mention the fact that the defining function r given 
by Cheng- Yau possibly has weak singularity at the boundary and also cannot be 
computed locally at boundary points. To avoid these difhculties, we here use the 
smooth part of the solution r, which is not unique but locally computable by an 
algorithm due to Fefferman |F1) . See Theorem 12.51 on this matter. More detailed 
study of the singularity is given in |LM) , |G2] and |H2| . 

This paper is organized as follows. In §2, we give a review of the ambient metric 
for CR manifolds. Then, in §3, we construct CR invariant operators via the ambient 
space, which include GJMS (or Gover-Graham) operators between CR densities and 
2-from valued invariant operator on functions that characterizes CR pluriharmonic 
functions. We define P-prime operator in §4 and prove its self-adjointness. In §5, 
we define Q-prime curvature and study its basic properties: transformation law and 
invariance of its integral. In §6, we study the 3-dimensional case: explicitly write 
down P' and Q'\ describe the relation between Q' and the Burns-Epstein integrand. 
In the final section, §7, we give an observation on Hartogs' extension theorem for 
pluriharmonic functions, which are used in the proof of the self-adjointness of P' . 

Remark 1.1. The aim of Case and Yang |CY) is to study P' on 3-dimensional CR 
manifolds as an analogy of Paneitz operator on conformal 4-dimensional manifolds 
as in Chang, Gursky and Yang fCYj. |CGY) . They derive P' and Q' by following 
Branson's formal procedure: firstly, compute P2 in all dimensions by using tractor 
calculus of |GG| and then formally setting the dimension to 3. All the results 
in [CYj are based on the explicit formulas of P' and Q' as given above; so the 
justification of Branson's argument is favorable but is not inevitable in their work. 

Notations. We use Einstein's summation convention and assume that 

• uppercase Latin indices I, J, . . . run from to n + 1; 

• lowercase Latin indices j, k,l, . . . run from 1 to n + 1; 

• lowercase Greek indices a, /3, 7, . . . run from 1 to n. 



We start with a review of CR geometry and the ambient metric associated with 
it. We basically follow Graham- Cover [G G^ , but we here try to make the definition 
of ambient metric more intrinsic to the complex structure. In the construction of 
P' and Q', the Kahler condition on the ambient metric is essential, and we mostly 
confine ourselves to the embedded CR manifolds. 

2.1. The ambient metric. Let M be a C°° manifold of dimension 2n-|- 1, n > 1, 
and CTM be the complexified tangent bundle. A CR structure on M is a complex n- 
dimensional subbundle T^-° of CTM such that T^.OnT°,i = {0}, where T°-^ = T^. 
In the following, we assume that T^ '^ is integrahle in the sense that the sections of 
T^'" are closed under Lie bracket. We set T-L — RcT^'" and assume that there is a 
real one form 6 such that ker^ — %. The Levi form of 9 is the hermitian form on 
Ti^o defined by 



The letter i denotes 




2. The ambient metric in CR geometry 



Le{Z, W) 



ide{Z, W). 
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Under the scaling 6 — e^O, T G C°°(A/), we have 

L-g — e^Lg. 

Thus the conformal class of Levi form is determined by T^'". We assume that 
T^''' is strictly pseudoconvex in the sense that the Levi form is positive definite for 
a choice of 9; such a is called a pseudo-hermitian structure, or a contact form, 
which is always assumed to be positive in this sense. 

To define the ambient metric, we further need to assume that M is embedded 
in a complex manifold X of dimension n + 1, i.e., T^'° is given by CTM D T^'^X, 
where T^''^X is the holomorphic tangent bundle of X. In this situation, a defining 
function p e C°°{X) of M, which is positive on the pseudoconvex side, gives a 
contact form 

(2.1) 0^'-id~d)p\TM. 

Conversely, if is a contact form of M, we may find a defining function p that 
satisfies (12. ip : such a p is determined to the first jet along M and we say that p is 
normalized by 6. Note that the embeddability follows form the integrability if M 
is compact and n > 2 ([Bo], |HL| ) : moreover, |Le[ Th. 8.1] shows that X is taken 
to be projective algebraic manifold and M is realized as the boundary of a strictly 
pseudoconvex domain. In the case n = 1, it holds only when M is embedded in 
for some N and is not always the case. (We will treat the n = 1 case independently 
in ^without assuming the embeddability.) 

To motivate the definition of the ambient metric, we first consider the model 
case Mo C P"+i defined by the quadric 

n 

g(c,c) = cT^' + c"+^r-^c^-? = o 

with respect to the homogeneous coordinates : C"^^]- We can identify 

the CR manifold Mq with the sphere in 5'^"'^^ C C""*"^, or the compactification of 
the hyperquadric in C"+^ . The ambient space of Mq is defined to be the tautological 
bundle with the zero section removed 0(— 1)* = C"+^ \ {0}. We set 

AA = {CeC"+2\{0}:<z(C,C)-0}, 

which is the restriction of 0{—l)* over Mq. The ambient metric is the fiat Lorentz 
Kahler metric 

g — --iddq. 

(Here and in the following, we will not make any distinction between Kahler metric 
and form; in our convention, the Kahler form Ug — —iddq. corresponds to the 

metric tensor g = gjj{d(^ d(^'^ + dcf dC,^) with Qj-j = —di&jq.) The special 
unitary group SU(n + l, 1) for the hermitian form — g(C, C) acts on (C""'"^\{0},g) as 
holomorphic isometrics that preserves A/", thus induces CR automorphisms of Mq. 
Moreover we see that the CR automorphism group of Mq is SU(rt + 1, l)/Z„+2- 

For a general embedded CR manifold M C X, we define the ambient space as a 
fractional power of the canonical bundle with the zero section removed. We assume 
that, near M in X, there is a bundle Cx satisfying — K-x- (Such a bundle 

Cx exists locally and it is sufficient for our purpose; see Remark l2.3l ) The ambient 
space of M is defined to be the total space of the C*-bundle — \ 0. The 
restriction of Cx over M is denoted by J\f. If p is a defining function of M, then 
its pullback to C'^, which is also denoted by p, is a defining function of Af. Note 
that A/" is a CR manifold of dimension 2n + 3, the Levi form of which is positive 
except for the fiber direction. 
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For A e C*, we define the dilation 6\ : CX^ — > CX^ by scalar multiplication (5a (C) = 
A^, and the space of functions of homogeneous degree {w,w), for w G R, by 

£{w) ={fe C"^(£*x,C) : SU = jAp-/ for any A G C*}. 

We often consider homogeneous functions defined only on p > and smooth up to 
the boundary p = 0; such functions are also considered as elements of £{w). In case 
w = 0, / G £(0) is constant on each fiber and we will identify / with a function on 
X. 

In the case X = P"+^, we have q G f (1), which is a natural defining function 
of Af such that —iddq is flat. For general CR manifold, we cannot hope to get a 
flat metric, but any defining function G of A/" C £x which is positive on the 
pseudoconvex side gives a Lorentz Kahler metric 

gin] = -iddr^ 

in a neighborhood of J\f in C*x. Let Ric(5[ru]), or simply Ric[rjj], be the Ricci 
tensor of By following Fefferman [Flj . we normalize rj by imposing Einstein 

equation. 

Proposition 2.1. There exists a defining function rj G f (1) of M that is positive 
on the pseudoconvex side and satisfies 

(2.2) Ric[rj] = 0+(p"). 

Here 0+{p"^) stands for a term of the form dd{p™'^'^(p) for a function (f> G f (0). 
Moreover, such an rj is unique modulo 0(p"+^) and, if one write 

(2.3) Ric[rtj] = ir^rl^dr^ hdr^ + 0(p"+^) 

with rj G £{—n — 2), then ri\j\f is determined by the CR structure. 

Definition 2.2. The ambient metric of M is defined to be with respect to rj 

satisfying 



Since rj\j\f is a CR invariant, we cannot refine the error in the equation (j2.2l) . So 
ryljv" is called the obstruction function. 

Proof. We first write the equation in terms of local coordinates {z^') = (^",2) of 
C*x, where z = [z^) = {z^ , . . . , z"~^'^) is a holomorphic coordinate system of X 
and the fiber coordinate is defined with respect to the local section {dz^ A • • • A 
^^n+iy/(n+2) ^ Then we may write rj = |z°pr(z) and we have 

(2.4) Ric [IzOpr] = -i^aiogdet (^^^jSfl-] = -iddhgj^r], 



dz-^dz^ 

where jTz be the complex Monge- Ampere operator 

^M-(-ir-det(^^ 

Recall from 'Fl' that there is a defining function r such that 
(2.5) Jz[r] = l + 7ir;+^ 

for an rj G £{~n ~ 2). The proof also shows that if r satisfies (|2.5I) . then so does 

r + Vp"+^ VeC°°(C"+i), 

and these defining functions give all solutions to (|2.5p . Moreover, r]]^ is independent 
of the choice of r. In particular, we see that satisfying (|2.2p exists locally. 

We shall show that this construction of rj is independent of the choice of co- 
ordinates. Let {w'~',w) be another coordinates of such that w = ^{z) and 
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= z'^ip{z), where $ is biholomorphic and ip is a nonvanishing holomorphic func- 
tion of z. We write 

K,«;)=$«(z°,z) = (zVW,<i>(^)). 
Then the chain rule gives 

Thus, using det $'u = (p dot we have 



(2.6) |det$f |^|2(»+2)j^[f]^ j-^fr], 
where r{w) — \ip{z)\^'^r{z). In particular, setting ip{z) ~ (det <i>')^"'^/*^"+^'', we have 

(2.7) J-^[r]^J,[\ip\\]. 

This shows that defined with respect to z and w agree modulo 0(p"+'^). There- 
fore, by using a partition of the unity, we can define rj € 5(1) globally on near 
A/" so that (1221) holds. 

We next prove the uniqueness. Suppose that rj satisfies (|2.2p . Then, in the 
coordinates (z°,z), we have ddlogJzM = 99(0p"+^), and thus log Jz[r] — cpp"-^^ 
is pluriharmonic. Taking a holomorphic function / such that 

logJ^H = 2Re/-|-0(p"+2), 

we may write 

(2.8) J.[r] = \ef\'{l + 0{p-+')). 

Choosing coordinates w such that det{dw^ /dz'^) — e^, we see from (|2.6p with (p — 1 
that 

j-^H = i + o(p"+2). 

The uniqueness of the solution to this equation implies that of rj. Finally, the 
equation (j2.3|) is obtained by substituting (j2.5l) into (|2.4p . □ 

Remark 2.3. For a general CR manifold M C X, the bundle £5s: may exist only 
locally. However, we can alternatively define the ambient metric on ICx so that 

be an isometry for each locally defined {Cx , g) this is the original definition of 
the ambient metric in [FT]. The map corresponds to the quotient SU(7i 4- 1,1) — > 
SU(n-|-l, l)/Z„+2 and the global existence of considered as an analogy of Spin 
structure in Riemannian geometry. The use of is essential in argument using 
the structure group and |F2j used this formulation; see also |CG) on the relation 
to the Cartan connection. One can easily see if the local invariants constructed via 
£x '^an be patched up to a global one, by checking if the same method works for 
ICx- This is always the case for the arguments in this paper and we can assume 
the existence of Cx without losing generality. 

2.2. Complete Einstein-Kahler metrics. We next consider a Kahler metric on 
the strictly pseudoconvex domain D bounded by M. Since rj G £{1) defines a 
hermitian metric of the line bundle Cd, the curvature gives a (1, l)-form 

g = -iaaiogrj, 

which is a Kahler metric on D near M. We can also write g as the curvature of the 

r"' 



canonical bundle ICd with the hermitian metric h — r'!}'^'^- 



— -idd \osh. 
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In local coordinates, we have JzV\ — r"+^ det(g^j:) and thus 

Ric(5) + (n + 2)5 = -iaaiog j-^H. 

Therefore Jz\r\ = 1 + 0[p^^'^) implies 

(2.9) Ric(5) + (n + 2)5 = 0+(p"). 

Definition 2.4. ^4 Kdhler manifold {D,g) is asymptotically-Einstein if (j2.9l) /lo/ds 
and g + iddlogp is C°° up to the boundary for a defining function p of AI. 

We can apply the theorem of Cheng- Yau jCY) and its refined from by van Co- 
evering |vCj to give examples of asymptotically-Einstein Kahler manifolds. 

Theorem 2.5. Let D be a bounded strictly pseudoconvex domain in a Kdhler mani- 
fold X . Then D admits a complete Einstein- Kdhler metric if and only if the canon- 
ical bundle K-d is positive. Moreover, such a domain D admits an asymptotically 
Einstein Kdhler metric. 

Proof. The first statement is mostly due to [CY' and this sharp statement is proved 
in [vC[ Th. 3.1]. The second statement follows from the asymptotic analysis of g in 
[LM| . We recall it for the reader's convenience. We take as in Proposition 12.11 
then g can be written in the form 

g = —iddlogr^ -f iddF, 

where F £ C°°{D) admits expansion F = p"^^(?7o + ?7i fogp) with 770 € C°°{D) and 
r]i e C"+^(!D). LetV-W beaC°° function such that i/'W = Oift < l/2and V'W = 1 
if t > 1. Then = i/'(p(^)/e) satisfies l^^^l < Cp'^ and < Cp'"^ on D 

with respect to a metric on X . It follows that \dd{ilJcF)\ < Cp. Taking e > small, 
we may cut off F near the boundary and make the desired Kahler metric. □ 

This theorem, in particular, shows that a strictly pseudoconvex domain in a 
Stein manifold admits asymptotically Einstein metric. Further examples, which 
are not Stein, include the unit disk bundle in a negative line bundle over a compact 
Kahler manifold. See [vCj for more examples and detailed discussions. 

2.3. Pseudo-hermitian geometry. Let be a contact form on a strictly pseudo- 
convex CR manifold M. Then there is a uniquely determined real vector field T, 
called the Reeb vector field., that satisfies 

Tjde^O, e{T)^l. 

With this choice, we have a decomposition <CTM ^ <CT ® T^'° © T°'^ Let us take 
a frame of T^'^ and set Z-^ — Zp. Then the set 

T, Za, Z-p 

forms a frame of CTM. The dual frame 9, 9" , 9^ is said to be an admissible coframe 
and satisfies 

d9 = ih^-^9°' A 61^ 

for a positive hermitian matrix h^-p. We will use abstract index notation and denote 
T^'° by and its dual by £„. Tensor bundles are defined, e.g., by E^-j^ :— £a <8)f^, 
where E-^ is the dual of T"'^. 

The canonical bundle /Cm of M is defined by ^^^+^{T^^)^ c h''+^CT*M. If M 
is embedded in X, we can identify /Cm with the restriction of Kx over M. Given a 
contact form 9, we can find a local section ^ of the canonical bundle /Ca/ such that 

(2.10) 9Ad9'' = i''\l 9 A (Tj C) A (Tj C). 
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We then say that 6 is volume-normalized with respect to We take a (locally 
defined) bundle Cm — ^m'""^^''- A CR density of weight w G M (or {w,w) m the 
formulation of [GG] ) is a C°° section of the bundle 

which is defined globally even if Cm is not. We abuse the notation and also denote 
the space of the sections of the bundle by £{w). We can also identify a section (p 
of £{w) with a function / on A/" = Cm \ which is homogeneous of degree {w, w) 
by the correspondence ip{x) = fiOlCl^^""- Here \^\^ = ^(g)^ e £{-l) for ^ G Cm 
and ^ projects to x G M. 

With a fixed choice of 9, we can also identify a CR density / with a function 
on M. Choose a section ^ that volume-normalize 6 and set rj = which is 

a local section of Af. Then the function fg = / o 77 is globally defined on M and 
satisfies the transformation law under the scaling 9 = e^9: 

In particular, £ :— £{0) is the space of functions on M and £{—n — 1) can be 
identified with the space of volume forms by the correspondence 

£{-n -1)3/ ^ fe9A d9'' e /\^"+^T*M. 

Note also that rj as above defines a density |r/|^^ e £{1) and 6 = 9® \'n\~'^ gives a 
canonical section of T*M (g) £(1), i.e., is independent of 9. Alternatively, we can 
define as a 1-form on M: 

e='-{d~d)r^\TM- 

The Levi form of 9 scales the same way and defines a canonical section h^-^ S f ^^(1); 
here we simplify the notation by setting f„^(l) := £^jj ® £{^)- We will use h^jj 

and its inverse raise and lower the indices. These operations are 

independent of 9 but change the weight. 

For a homogeneous function / e £{'w) on the ambient space, its restriction to A/" 
defines a CR density / = f\jsf G £{w). We call / an ambient extension of f, which 
has ambiguity of adding ipr^ with ip € £(w — 1). The following lemma will help to 
see the correspondence between CR densities and their extensions. 

Lemma 2.6. (i) A defining function p satisfies Jz\(A = 1 + 0(p) if and only if p is 
normalized by 9 that is volume-normalized with respect to dz = dz^ A • • • A dz"^^ . 

(ii) // p is normalized by 9, then, for each F G £{—m), there exists an F' G f (0) 
such that 

Frf^F'p"' and F'\m = {F\^s)e. 

Proof, (i) It is clear from the equation by jFa| : 

9Ad9'' ^ i"\l J,[p]9 A (Tj dz) A (Tj dz). 

(ii) We first take p as in (i) and fix the fiber coordinate by the section ((iz)^/("+^). 
Then we may write F = \z°\-^"'F'{z) and rj) = |z°pp(z); thus iF\j^)e = F'\m. 
For general 9 = e~^9, extending T to f (0), we obtain p = p which is normalized 
by 9. So F'p" = F' gives F' = e^^^F' and hence F'\m = {F\M)g. □ 

We next recall the canonical connection for the pseudo-hermitian geometry. A 
choice of 9 determines the Tanaka- Webster connection V on T^'°: the connection 
form uja^ ^ VZq = LUa^ Zp^ is uniquely determined by the structure equations 

d9P ^9" A + A 9'^, Lo^-^ + uJ^= dh^j, = 0. 
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Here [• • • ] indicates antisymmetrisation over the enclosed indices: 

Thus Aajj G £afj is symmetric and is called the Tanka- Webster torsion. We extend 
the connection to the one on CTM by imposing VT = and extending to T"^^ by 
conjugation. There is an induced connection on the canonical bundle )Cm and also 
on the density bundles £{w). 

The curvature of the connection is defined by 

dujj - uja'^ A = Rjpa9P A r mod 6, 0" A 6"^, 6*" A 9^. 
We call -R^^^g. € ^a~fi^ai^) ^'^^ Tanaka-Webster curvature. Other components of 
the curvature form can be written in terms of R^jj^-^, Aafs, A—jj = A^p and their 
covariant derivatives. The Ricci tensor and the scalar curvature are defined respec- 
tively by 

R-ic„;g = Ry'^^p e f„;3, Seal = Ric„ " e ^(-1)- 
We denote the components of successive covariant derivatives of a tensor by sub- 
scripts preceded by a comma, as in Aap^^a- When the derivatives are applied to a 
function, we omit the comma. With these notations, we set 

Note that the sub-Laplacian changes the weight Af, : £{w) — > £{w — 1). We will use 
the index to denote the 9 component, so that /o = Tf for a function. Then the 
commutator of the derivatives on / e £{'w) are given by 

(2.11) 2/[„^]-0, 2f^a.p]=^Kpfo, 2f[o»]^A^pf 
and the Bianchi identities give 

(2.12) ^a[/3,^]=0, A„^,"'5-l-A-^,"'^ = Scalo. 

See [Lll IL2) for a complete list of such formulas and the proof. 

We will use the following transformation rules of connection under the scaling of 
contact form. Let 9 = e^9 and take 9" — 9" + Ta9 as an admissible coframe for 
9, where = V^T. We denote the quantities defined with respect to 9, and the 
components in the coframe 9", by V^, A^p, etc. 

Proposition 2.7. (i) The torsion Aafj £ £ap and the scalar curvature Seal G £{—i) 
satisfy 

AafS — Aap + iTap ~ iT aT p , 

S^l = Scal-H(n + l)AfcT - n{n + 1)T„T". 

(ii) If f ^ then 

^af ^ fa+ wTaf, 

Vo/ - /o + «T„r - »T"/„ + — (To + Im T<,")/. 

n + 2 

(iii) If Ta e £a{w), then 

(iv) If f e £{w), then 

Abf = A,/+^i;(AbT)/ - (n + 2t/;)(T"/„ + T,/") 
- 2u;(n + w)T"T„/. 

The proofs of (i) , (ii) and (in) can be found in |L1I |L2] and [GGj ; (iv) is an easy 
consequence of (ii) and (iii). 
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3. CR INVARIANT DIFFERENTIAL OPERATORS AND 
CR PLURIHARMONIC FUNCTIONS 

3.1. GJMS operators. We shall apply the ambient metric to construct CR in- 
variant differential operators by following [GJMS] and |GG| . We here use abstract 
index notation and denote the (1, 0)-form —dr^ by Zj and its conjugate by Zj. We 
use g^'^ to raise the index, e.g., Z^ — g'"^ Zj. The covariant derivative of type (1, 0) 
is denoted by V/ and that of type (0, 1) by Vj. Then we have 

(3.1) V/rjj = -Z/,a V/Z-j = gjj, Z^Zj = -rj 

and these relations can be used to compute the commutators of and the Laplacian 
A = — V/V^ acting on functions on C^: 

(3.2) L " " _ 

[A^ ^]=eiz + z + n + e + i)A'-\ 

where Z = Z^Wi, Z — Z^Vj. Note that Z and Z act as scalar multiplications on 

Zf = Zf = wf. 

We next recall the relation between A and the Laplacian of g on the domain D. 
We identify u € C^{D) and its lift in £{0) over D. Then, for w e M, we have 

(3.3) rl~'"A{rfu) = {A + w{n + l + w))u, 

where A = ^ VjV-' is the Kahler Laplacian of 5; see |GG[ Prop. 5.4]. In particular, 
if ui = 0, then r^Au = Au. 

For / S £{m), take its ambient extension / £ £{m). Then, for m E [— n/2, 0]nZ, 

A"+2™+i/|^ef(-n-m-l) 

depends only on /. In fact, if / = r^^ip for ip e £(m — 1), 

^«+2m+l^^^ ^ [A"+2™+\r,](p + 0{p) 

(3.4) = (n + 2m + 1){Z + 'Z + 2n + 2m + 2)A"+2'"(p + 0{p) 
= 0{p). 

Therefore P„+2m+i/ = A'^+^'^+^/Itv" gives a differential operator 

Pn+2,n+i ■ £{m) £{-n - m - 1), 

which is called a GJMS operator [GJMS] ; this construction works for more general 
class of CR densities £{w,w'), see [GG| . The upper bound on m is imposed to 
ensure that Pn+2m+i is independent of the ambiguity in rj. 

In the following, we only use the case m — and set P = Pn+i, which acts on £. 
As in the conformal case, we can also characterize P as the compatibility operator 
for harmonic extension. 

Lemma 3.1. For each f E £ , there exist functions A € f (0) and B G £{—n — 1) 
such that 

(3.5) A{A + Br'l+^ log p)^0{p^) and Ay ^ f. 
Moreover, B|a^ = („+!)!„! -P/ holds. 
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Proof. We prove the lemma by giving an inductive step to construct A and B. This 
procedure will be used repeatedly in this paper. 

We construct Ak G £{0), k < n + 1, such that 

(3.6) AAk ^r^cjjk for a (j)ke£{-k-l) and AkW = f. 

By taking an extension of / to / G ^^(0), we may set Aq = f and 0o — ■ If Ak 
is given, we set >lfc+i = Ak -\- r^'^^tpk+i with ipk+i G S{—k — 1) and compute 

AAfe+i = A^fc + [A, r-J^+ Vfe+i + r\+^Mk+i 

= r\^k + {k + l){n - k)r\i,k+i + 0(p'^+^). 
Then we obtain Ak+i satisfying by setting Vfe+i = (fc+i^n-fc) 4>k and = 
A^fc_l_i. It follows that (j)n = (— l)"(n!)~^A"+^/. This construction breaks down 
exactly when k = n, and at this step, by using 

rj A log p = A log p = -(n + 1) + 0(p), 

we have 

A(A„ + Bor;+' logp) = 0„rj" - (n + l)Sorj" + 0(p"+i logp). 

Therefore, setting Bq = A"^"'"/, we can continue the inductive step to 

determine A and B. □ 

From this proof we can also see that p.6p determines mod 0{p''^^) for 
< n + 1 and that B mod 0{p°°) is independent of the choice of p, which is used 
to define the singularity log p. 

We shall reformulate p.Sp on the complete manifold {D,g). Since rjA = A on 
£{0), we can write p.Sp as 

(3.7) A(A + BV"+'logp)==0(p-), A|m=/, 
where A, B' G C°°{D). Then, in view of Lemma [^751 we have 

C— 1")" i — 

^'1^^ = ( \Im ^ith = -(a - 9)p|rAf. 

+ 1 j!n! 2 

3.2. CR pluriharmonic functions. So far, the ambient metric construction of 
CR invariant operators is completely parallel to the conformal case. We here men- 
tion one important property that is specific to the CR case. Since the ambient 
metric is Kahler, ker A contains pluriharmonic functions, and accordingly kerP 
contains the space V of CR pluriharmonic functions on Af. Recall that a CR 
function is a complex valued C°° function f on M such that dbf = and a CR 
pluriharmonic function is a real- valued function on M that is locally the real part 
of a CR function. By the strictly pseudoconvexity, we can extend a CR function to 
a holmorphic function on the pseudoconvex side of M; the same is true for a CR 
pluriharmonic function. 

When M = 5'^"+^ it is shown in that kerP — V. The equality is also confirmed 
in case M is 3-dimensional and torsion- free jGL) . See [CCYj for recent progress on 
the study of this equality. 

Lemma 3.2. Let M <Z X he a strictly pseudoconvex CR manifold and l: M ^ X 
be the inclusion. 

(i) For a real-valued function / G take an extension f G f (0) such that 
Af — 0{p). Then P(/) — L*{iddf) depends only on f and defines an operator 

V: C°°{M,A^T*M). 

Moreover, ker P = V holds. 
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(ii) In terms of Tanaka-Webster connection, one has 

(3.8) p/ = p„^/ r A + p„/ A r + p^/ A e'^, 

where 



(3.9) (P„^/),''=*(n-l)P„/. 



and t/iese operators satisfy 

Proof, (i) Since / is unique modulo 0{p^), the ambiguity causes the difference 

ddirfip) = Lpdr^ A dr^ +0{p), 

but L*{dri A arj) = 6* A 61 = 0. Thus P/ is well-defined. 

Let ry = L*{i{d — d)f). Then we have rj = — 9fc)/ + XO for a function A, and 
P/ = djy. If P/ = 0, then drj = 0. So, locally one may find a real function h such 
that d/i = i{db — db)f + \9- Restricting this formula to T°'^ gives db{f — ih) = 0. 
Conversely, if / is CR pluriharmonic, then we may take / to be pluriharmonic. 
Then ddj= 0, and P/ = follows. 

(ii) Let /, 77, A be as above. Since iddf is trace-free with respect to 'g^'^ on 
M, so is i*{iddf) with respect to /i"'^. It follows that tf rfr; — 0, which forces 
77 ~ i{db — db)f + {l/n)Abf9. The expression of P^p and Pq are obtained by 
expanding drj = d{i{db — db)f -t- {l/n)Abf9). To prove (|3.9p . we apply d to p.8p . 
Then the type (2, 1) part gives the identity 

(P^pfn - iPo^f h^^W< A r A 0^ = 0, 

or equivalently -Pj^i^/j-y] = iPiaf h^^p. Taking contraction with h''^ and using 
P„"/ = 0, we get (ESI). □ 

In the case 71 = 1, we trivially have Pijf = and P/ = is reduced to Pi/ = 0, 
while for 71 > 1, P^^f = forces P„/ = so that P/ = if and only if P^-^f = 0. 
By the construction, P is a CR invariant operator, and so are 

Pc.13- £ % for " > 1 

Pa -E — > fa(-l) for n = l. 

It should be worth noting that these operators arise from the compositions of more 
primitive CR invariant operators 



PaP ■ 


£^ 






for 


77, > 1 


Pa : 


£^ 






for 


n = 1 



The second operators can be read from the formulas of P^^ and Pq,. These are 
parts of Bernstein-Gelfand-Gelfand sequence constructed in |CSS| . This is also a 
specific feature of CR case. 

In the following sections, we use pluriharmonic extensions of / G V. By the 
strictly pseudoconvexity, we can extend / to a pluriharmonic function on a neigh- 
borhood [7 of M in D. If D is Stein, we can further extend / to a pluriharmonic 
function on _D as a consequence of Hartogs extension theorem jBFj . Thus, for such 
domains, V can be identified with the space of pluriharmonic functions on D with 
C°° boundary values. The extension of CR pluriharmonic functions holds for more 
general case; see §7. 
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4. P-PRIME OPERATOR 

4.1. Definition of P-prime operator. For a contact form 6* on Af C X, we take 
a normalized defining function p. Then we may decompose g into two parts: 

g = —idd log p — idd log he , 

where hg = r^/p and ddloghe is smooth up to the boundary. Let us emphasis 
the fact that hg is defined only mod 0{p) since p has ambiguity of 0{p^). We will 
further normalize hg and fix it mod 0{p'^) in the next section. However, we here 
leave the maximum ambiguity as it cause no effect to the following 

Proposition 4.1. Let hg G f (1) be as above. For f Cz V, take its pluriharmonic 
extension f to the pseudoconvex side of M. Then 

A^+\f\oghg) e£{-n-l) 
and its value on M is determined by 9 and f . 
Definition 4.2. The P-prime operator for 9 is defined by 

P':V^£{-n-l), P'f ^-A''+\f log he)U 
and the Q-curvature is defined by the constant term of P' : 
Q = -A"+i(log/ie)k e £:(-n- 1). 
Proof. By the Leibniz rule, we have 

(4.1) A(/ log he) = A/, log he - {df, d log hg)g + / A log hg. 

The first term vanishes since ddf — 0. To compute the last two terms, take a fiber 
coordinate z° and write \oghg = log jz^p + (p{z), where p £ £{0) is smooth up to 
A/". Then 9 log hg = dz^ j + dp> and we see that 

-(rf/,dlogMs + /Alog/ie e£(-l). 

Therefore A"+^ (/ log /le) is an element of £{—n — 1). 

We next examine the effect of the ambiguity in hg. Suppose that hg is another 
choice. Then \oghg — loghg = r^p for p e ^'(^1)- Thus, we have 

A"+i(/log/Je - fhghg) = A^+\Jp = 0(p), 
which shows the second claim. □ 

The transformation law of P' naturally follows from the definition. 
Proposition 4.3. If 9 = e'^9, then 

(4.2) P'f = P'f + P(T/), fer. 

Proof. We extend T to T e £{0). Then we may set h^ = e~^hg and so 

log hg = log hg - T. 

Applying A""*"""^ to this equation, we obtain (|4.2p . □ 



As in the case of P-operator, we can characterize P' as an obstruction to the 
existence of smooth harmonic extension. This formulation will be used in the next 
subsection to prove the self-adjointness of P'. 

Lemma 4.4. Suppose that p is normalized by 9. Then, for each pluriharmonic 
function f on D, there exist F,G £ C°^{D) such that F = 0{p) and 

(4.3) A(/logp -F- Gp^+^ logp) = {n + l)f + O(p^). 

Moreover, G\m = (n+i)!n! (^'/)^ holds. 
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Proof. By following the proof of Lemma 13.11 we see that 

(A{f\oghe + F + Gr;+Hogp) = 0{pn, 
4.4 S ~ " ^ ^ 

[i^e£:(0), f\m^O, Ge£{-n-i) 

admits a solution and G\j^ = {n+i)\n\ ^' f holds. On the other hand, 

^tJ^(/log^e) = rjA(/logru - /logp) 

= ( A/) log rj - Z/ - Z/ + (n + 1) / - A (/ log p) 

= (n + l)/-A(/logp). 

Thus is reduced to ((T^ . □ 

4.2. Self-adjointness of P' . Now we are ready to prove one of our main results. 

Theorem 4.5. Let M be the boundary of a relatively compact strictly pseudoconvex 
domain D in a Stein manifold. Then the operators P and P' defined with respect 
to a contact form 9 on M are self-adjoint on each domain of definition, i.e., 

I (/iP/2 - /2P/1) = for any fi, f2 e £ 

JM 

I ifiP'f2~ f2P'fi)=0 for any fi,f2eV. 

J M 

The self-adjointness of P has been known for general nondegenerate CR mani- 
folds; a proof can be found in Gover-Graham [GG| . which reduces the problem to 
the conformal GJMS operator via Fefferman's conformal structure. We here give a 
direct proof by using Green's formula for the metric g on D. The argument for P 
is completely parallel to the conformal (or conformally compact Einstein) case; the 
one for P' requires additional observation based on the pluriharmonic extension of 
P. 

We fist formulate Green's formula for the metric g by following [S]. It is then 
convenient to use a defining function p normalized by 9 and ||91ogp|lg = 1 near M 
in D. With this p, we define a foliation of D by CR manifolds = {p = e}- Let 
H be the complex subbundle of T^-^X defined by 

° ^{W e T^-^X : Wp = 0}. 

Then there is a unique type (1, 0)-vector field ^ such that 

Let us write £^ = N + (i/2)T. While g diverges at M, we can still show that ^ is 
continuous up to the boundary M and T agrees with the Reeb vector field for 9 on 
M; see [Sl Lem. 3.2]. The unit outward normal vector field of M^, for small e > 0, 
is given by 

^2,1/ with h' = pN. 
Since the volume form of g is of the form 

dv„^cJl + 0(p))p-''-^dpA9Ad9'\ c„ = 

^ ' n! 

we have 

=p~"~id(T, where da = Cn{l + 0{p))9 A d9'\ 

Here 9 is extended to £> by 6* = f (5 — d)p. Thus Green's formula for the Kahler 
Laplacian A — — V-'Vj (the half of Riemannian Laplacian) on the subdomain p > e 
gives 

(4.5) / ( - uAv + {du, dv)g)dvg = e"""^ / u-vv da. 
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for U,V<E C°°{D). 

Proof of Theorem \4-5\ Suppose that Uj — Aj + log p is a solution to 

Auj = with Aj\p=o = fj for j = 1, 2. Using Au2 = 0, we have 

(4.6) / {dui,du2)dvg — e^"^^ / ui-vu2da. 

On the other hand, 

• VU2 - {p-''-^Ai + Bi \ogp) ■ v{A2 + B2p"+i logp) 

= (p-"-Mi+Si logp) 

X (0(p) + {in + l)i?2p"+i + 0(p"+2)) logp). 

The coefficient of logp of the right-hand side is (n + X)A\B2 + 0(p). Since B2 is a 
constant multiple of {Pf2)e, we see that the coefficient of e*' loge of the right-hand 
side of (j4.6p is a constant multiple of 

/l • 

M 

which should be symmetric in /i and /2. 

We next consider P'. Let be pluriharmonic functions on D and 

^ fj log P-F]-- Gjp''+^ log p 

be the solutions to Auj = (n + We consider the following symmetric bilinear 
form: 



p>£ 



(4.7) 



({dfudu2) + {du,,df2) ~ in+l)fj2)dvg 

'fi{Au2-in+l)f2)+uiAf2)dv 



p>£ 

e"""V ( /l • ^""2 + Ul • l^fl ) rfcr 

p=e 



7 (•^1 ■ + "1 ■ '^12) da. 

J p—e 



Since 
and 



fi ■ VU2 = fi {vf2 -{n + l)G2/o"+^) log/9 + (smooth in p) 



ui ■ vf2 = fi ■ vf2 Aogp + 0(p"^'^ \ogp) + (smooth in p), 
we see that the coefficient of log e of the last line of (|4.7p is 



-{n + l) ( /iGsdd + 2e-"-i/ fi-yf2dn + 0{e 



The first term is a constant multiple of 



/ flP'f2 
JM 



I M 

and thus it suffices to show that the second term is symmetric in /i and /2. But 
this is clear from Green's formula: 



Y (A ■ - /2 • '^fl)dcT = f (/l A/2 - f2Afi)dv 



9-0. 



Finally, we remark that the Kahler condition is used to ensure that pluriharmonic 
functions are harmonic; thus we cannot replace g by a hermitian metric in the last 
formula. □ 
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5. Q-PRIME CURVATURE 

5.1. Definition of the Q-prime curvature. Recall that the Q-curvature is given 
by Q = — A"+^ log he\fsf and hence Q = if log he is pluriharmonic. Such a contact 
from can be characterized by the pseudo-Einstein condition introduced by Lee |L2] . 

Proposition 5.1. Let M^""*"^ he an embeddable CR manifold and p be a defining 
function normalized by 9. Then the following conditions are equivalent: 

(1) log(rj/p)|jv' is CR pluriharmonic. 

(2) The curvature and torsion of 9 satisfy 

tf Ric^^ = if n>l 

Scal,i -iAii/ = ifn^l. 

(3) Locally, is volume-normalized with respect to a closed section of ICm- 

Definition 5.2. A contact form 9 is pseudo-Einstein if one of the equivalent condi- 
tions above holds. We will denote by V£ the space of all pseudo-Einstein contact 
forms on M . 

The equivalence of (2) and (3) has been proved in |L2[ Th. 4.2] and jHl[ Lem. 
7.2] respectively in n > 1 and n — 1 cases. In our previous paper jFHj . we call such 
9 invariant contact form since the Einstein condition is trivial in the case n = 1. 
However, this terminology is featureless and we here propose to use pseudo-Einstein 
in all dimensions. We believe this will not cause any confusion. 

Pending the proof of this proposition until the end of this section, we shall give 
the definition of Q-prime curvature. 

Lemma 5.3. Let A/^"+^ be an embeddable CR manifold which admits a psudo- 
Einstein contact form 9. Then there exists a unique defining function p normalized 
by 9 such that he — r>^l p satisfies 

dd log hg ^ 

on the pseudoconvex side of M . For such an hg, (A"^^ log^ hg)\j~j- is an element of 
£{—n — 2) and is determined by 9. 

Definition 5.4. The Q-prime curvature of 9 ^ VE is defined by 
(5.1) Q' = (A"+i log2 hg)U e E{-n - 1). 

Proof. Take a fiber coordinate z*^ and write rj = |z"pr(2:) for r G f (0). Then, 
choosing T so that p = e^r, we have 

log/ie =log|z"p-T. 

Since log he and log jz^p are CR pluriharmonic on Af, so is T. Thus we may modify 
T to a pluriharmonic function by keeping the value on M . With this T, the desired 
function is uniquely given by p = e^r. 

We next compute A"+^ log^ he by using z'^: 

A"+i log2 he = A"+i log2 |zOp - 2A"+iT log |z"p + A'^+^T'^. 

We know that last two terms are in £{—n — 1); in fact they define 2P'T and PT^. 
For the first term, we have 

Alog' |z"|2 = 2A| logzOp = -\zX^{dz'^,dz'^)g e £{-l). 

Thus A"+ilog^ |z0|2 e 8{-n- 1), which gives (A"+i log^ /ie)|AA e £{-n - 1). 
Finally, we need to check that Q' is independent of the ambiguity of the ambient 
metric. But it is exactly same as the argument in the construction of P. □ 
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If M is the boundary of a domain in C"^^, by choosing a defining function r 
satisiying Jz{r) — 1 + 0(r"+^), we may set rj = |z°pr. Then 

Q' = (A"+ilog2|zT)k 

as we stated in the introduction. 

The following properties of the Q-prime curvature are natural consequences of 
the definition. 

Proposition 5.5. (i) If 6 ^ V£, then 9 — e^9 e V£ for T £ V and the Q-prime 
curvature for 6 satisfies 

(5.2) Q' = Q' + 2P'T + P(T2). 

(ii) // M is the boundary of a relatively compact strictly pseudoconvex domain in 
a Stein manifold, then the total Q'-curvature 

Q' = I Q' 

JM 

is independent of the choice of 9 £ VS. 

Proof, (i) The first assertion, T E V, has been shown in |L1) : another proof will 
be given in Lemma 15.71 (iii) below. We take a pluriharmonic extension of T and 
denote it by the same letter. Then we have hg = e^^hg, or \oghg — \oghg — T. 
Thus 

log" hg = log2 he - 2T log he + T\ 

Applying A"+i gives ((O)) . 

(ii) By Theorem 14.51 P and P' are self-adjoint respectively on £ and V. Thus 
noting the fact that PI = P'l = 0, we see from (j5.2p that 

/ Q'- / Q' + 2P'T + P(T2) = [ Q' 

JM JM JM 

as claimed. □ 

5.2. Total Q-prime curvature. We shall write the total Q'-curvature as the log 
term coefficients in the asymptotic expansions of the integrals of natural volume 
forms on D. For a function /(e) of e > of the form /(e) = (p{e)e~'^ + ■0(e) loge, 
with ip,Tpe C°°(M), we set Ip/ = 0(0). 

Theorem 5.6. Let r be a defining function of a strictly pseudoconvex domain D 
in a Stein manifold such that the Kdhler form lo = —iddlogr is asymptotically- 
Einstein. Then the total Q-prime curvature of M ~ dD can be written as the log 
term coefficients of the following two integrals: 

(5.3) c„Q' = Ip / ||91ogr||2c."+i = Ip / - (— 

Jp>e Jp>e \ 

where c„ = (— l)"+"'^2^"'^(ri + l)(n!)~^, || • || is the norm for g and p is a defining 
function of M . 

In (15. 3p . the choice of p is arbitrary. In fact, one can easily see that the leading 
log term in e is independent of p by writing D as a, product M x (0, eg) near the 
boundary; see [Si Prop. 4.1]. 

Proof. By the standard argument of GJMS construction, as in Lemma |3.1[ we can 
characterize the Q-prime curvature as the log term coefficient of 

(5.4) A( log" hg + F + Gr,"+i log r) = 0, 
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where F e £{0) with F — 0{p) and G £ £{—n — 1). Q' is given by the leading 
term of the logarithmic singularity: 

(n + iy.n\ 

We first compute Alog^ hg. Since log hg = logrj — logr, we have 

log^ he = log^ r J - 2 log r • log rj + log^ r. 
Applying rjA to each term on the right-hand side, we have 
rjA log^ = r^V-^ {'^^i^i^ ^ogr^'j 

= 2(n + 2) logrj + 2ZiZ^r^^ \ogr^-2ZiZ^ r^^'^ 
=:2(n + l)logrs + 2 

and 

rttA(logr|j - logr) = rjV^ ( Z/rr^ogr - log rjV/ logr) 



= {n+1) log r + [Z + Z) log r + log rj • A log r 

= {n + l)(logr + logrj). 

Here we have used Z log r = and rj A log r = A log r = n + 1. The last term gives 

rjjAlog^r = Alog^r = -V*(21ogr • logr) 

= -2||aiogr|p + 2(n+l)logr. 

In the sum of these three terms, the coefficients of logrj and logr both cancel out 
and we get 

rjAlog' hg^2-2\\d\ogr\\l. 
Thus we may write (j5.4l) as 

(5.5) A(F + G"r"+Mogr) = 2||51ogr||2 - 2. 

We integrate each side of this formula on the subdomain p> t. The left-hand side 
gives 

Ip / A(F + G"r"+i log r)dv = Ip / p""" V(F + 6"?'"+^ log r)da 

J p>e J p—e 

^ ' ' QgeAde"". 



(n!)3 

While the right-hand side is 



M 



Ip / (2||91ogp||^-2)di;3=lp / 2||91ogp||^^— — . 

Jp>e Jp>e 

Thus we obtain the first equality of (j5.3p . Here we have used 
Ip f a;"+i = Ip /" -0 logr A = 0. 

J p>e J P— ^ 

We can also use this formula to derive the second equality of (j5.3p since the volume 
form has decomposition: 

n+1 



c."+^ = (n + l)^^^Ac."+f^') 
r^ \ ir J 

= ||91ogr||2a;" 



\ ir 



□ 
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5.3. Proof of Proposition 15.11 We first introduce a A^T*M-valued pseudo- 
hermitian invariant that unifies the tensors given in the condition (2). Using local 
coordinates {z^,z), we write r-j = |2:°pr(z) and set 9o = f (9 — d)r\TM, which 
satisfies (3) by Lemma I^TEl (i). 

Lemma 5.7. (i) For a contact form 9, there exists a defining function p normalized 
by 9 such that 

(5.6) A\ogh0 — O{p), where hg = r^/p. 
Such an kg is unique modulo 0{p^) and hence 

S{e) := -L*{idd\oghg) 

is formally determined by 9. 

(ii) If 9 = e'^9, T eE, then S(?) = S(6l) + PT. 

(iii) In terms of Tanaka- Webster connection, one has 

-{n + 2)S{9) = S^-p9°' A 6*^ + 3^9" A9 + Sj9'^A9, 

where 

Sa = (l/n) Scal_a 
Moreover, the following relation holds: 

(5.7) S^-^^ = iin-l)S^. 

Proof, (i) If p = e^r, we get \oghg — log|z"p — T and thus Aloghg = 0{p) is 
reduced to the equation AT = —Aloghg + 0(p) for T. Then we can apply the 
argument for defining P in Lemma 13.21 to this case. 

(ii) If = e'^9, then extending T off A/" so that AT — 0{p), we have log/ig- = 
log hg — T. Applying ~dd gives the transformation rule of S. 

(in) Let 9 = e'^9o. Since ddloghe„ = ddlog\z°\^ = 0, we have S{9o) = 0. 
Thus the transformation law gives 8(6*) = PT. If n > 1, comparing P^-pT with 
the transformation law of tf Ric, we get S^-^. Then Sa can be determined by 

S^-p ^ = i{n— l)Sa, which follows from dS{9) = 0. If n = 1, we have S^j — and 5*1 
is determined by comparing PiT with the transformation law of Scal.i —iAii\ □ 

If \oghg\j\f is CR pluriharmonic, then we may choose p so that log kg is pluri- 
harmonic on the pseudoconvex side of A/". Then we have dd log hg = and thus 
S{9) = 0, which is equivalent to (2). Conversely, we assume (2), or S{9) = 0. Then 
writing 9 = e^9o as above, we have PT = S{9) — S{9o) = 0, which yields T £ V. 
Therefore log hg = log — T is CR pluriharmonic on A/". 

6. Three dimensional case 

We compute P' and Q' on 3-dimensional CR manifolds in terms of Tanaka- 
Webster connection and use the formulas to derive the equivalence of Q and the 
Burns-Epstein invariant. 

6.1. Pseudo-hermitian invariants. We can greatly simplify the calculation by 
using invariant theory. We give here some terminology needed for the formulation. 

A pseudo-hermitian invariant I (9) of weight w is a polynomial in the components 
of Tanaka- Webster curvature, torsion and their iterated covariant derivatives that 
is 

(1) independent of the choice of admissible coframe; 

(2) satisfies /(e=6') = e""=/(6') for any c S R. 
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In this case, we write I {9) G £{w). This formulation is used in [BGSj for the 
description of the heat kernel on CR manifolds. If a pseudo-hermitian invariant 
I{9) G £{w) satisfies I{e^e) = e"'^/(6') for any T G f , then 1(6) is called a CR 
invariant of weight w. This is a CR analoge of the conformal invariant and has 
been studied in |F2j . |G1| . jHl| to describe the Bergman kernel. Note that the Q- 
curvature is a pseudo-hermitian invariant in £{—n — 1) but is not a CR invariant. 

Since the choice of admissible coframe at a point has ambiguity of C/(n)-action, 
we can see I {9) as a [/ (n)-invariant polynomial of the components of tensors. Here, 
in view of the relation [Za, Z-^] = —ih^-^T, we may assume that the index does 
not appear in the polynomial. It follows from Weyl's invariant theory that I{6) is 
a linear combination of complete contractions of the form 

(6.1) contr(i?Pi''?i (g) ■ ■ ■ (g) i?^-'?^ (g) r^'i'^i (g> ■ ■ ■ (g) T^''^^), 

where RP'I = ^ £ (1) and TP'I G £ „ 7. 7. is either 

= yp-^'iA or = Ai'P. The contraction is taken with respect to /i"^ 
for some pairing of holomorphic and anti-holomorphic indices. Since a contraction 
changes the weight by (—1,-1), the weight condition forces 

Efe- - 1) + E^'H E('?. - 1) + E — • 

j=i j=i j=i j=i 

6.2. Explicit formula of Q'. We will prove (jl.Sp by using the properties given 
in the previous section. Our first task is to list up all possible pseudo-hermitian 
invariants in volume densities. 

Lemma 6.1. Let I{9) G £{—2) be a psudo-hermitian invariant on M^. Then there 
exist universal constants 01,02,03,04,05 such that 

(6.2) 1(e) = ciA6Scal-l-C2Scal^-|-c3|Ap -|-c4Scal,o+05(9, 
where 6Q = Af, Seal— 2Im An^^^ is the Q-curvature. 

Proof. We first consider an expression of 1(9) that does not contain the index 0. 
By the weight condition, we see that 1(0) is a linear combination of the following 6 
terms: 

Seal/, Scal\, An", Ajj", Scal^ \A\'^ . 

On the other hand, (j2.11D . (|2.12p and the definition of Q give 

2A11/1 = -iAb Scal + Scalo-6iQ 

2 Scali ^ = - As Seal +i Scalo . 

Thus we may replace the first 4 terms in the list by the 3 terms on the right-hand 
sides. It leaves the 5 terms in (|6.2p . □ 

Since we consider pseudo-Einstein contact forms, we may omit Q and write 

Q' = ciAb Scal-hC2 Scal^ +C3|A|^ + 04 Scalp . 

Our remaining task is to identify the universal constants. We can do this just by 
considering Q' on a flat CR manifold, for which the ambient metric is explicitly 
given. This approach has been used in our computation of the Q-curvature in [HI] . 
Let Mq be the real hypersurface in given by the defining function 

po = w + w — 

We write w = s ^ it and use (z, t) G C x M as coordinates of the surface. Then po 
gives the contact form 

= (i/2)(d - d)p = -dt - (i/2)zdz + (i/2)zdz 
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and we may choose dz as an admissible coframe. The dual frame of 6q, dz, dz is 

-dt, Zi^d, + zd,, = a, - ii/2)zdu z- = z~i. 

This frame is parallel with respect to the connection for Oq- Let 

and set = C°C^ + C^C° ~ C^C^- Then the ambient Kahler Laplacian is 

A = 8082 + 92%— didf, where di — d/dC^ . 

We will use the frame di and the coframe d(^ to define the components of tensors 
on the ambient space so that the covariant derivatives V/ agree with dj. 

We consider a pseudo-Einstein contact form given by the scaling 9 = e'^Og, where 

T = / + 7, f ^ a{z^ +z) + b{l + i)w for a, 6 e K. 

We will use 0(1) to denote terms that vanish at {z,w) ~ (0,0) G Mq or at cq = 
(CO = (l,0,0)eAA. 

Lemma 6.2. The Q-prime curvature of 9 — e^ 9q satisfies 

(6.3) =4(a2 + 62) + 0(l). 

Proof. Since ho ~ jz'^pe^^, we have, on A/", 
0' = A2 log2 he 

= A2(logzO-/ + logz"-7)2 

= A2(|logz°|2-2Re(/logz°) + |/|2). 

Clearly, A| logz^p = and 

A^(/logz°) = dijf ■ d''\ogQ^ - -(C°)"'a22/ = 0. 
Thus we have ^ 

g' = aVI' - a/j/ • a"/. 

The components Fu = dijf{eo) vanish except for 

Fio = Fqi = -a, Fu = 2a, F20 = F02 = -6(1 + 

and their conjugates. So, at cq, we have 

A^l/p = Fnf\T + 2^20^1^ = 4(a2 + fe^). 

This is the value at (0, 0) of the density Q' identified with a function with respect 
to 9o. However, since T = 0(1), the value does not change by the replacement of 
00 by = e^^o- □ 

We next apply ProDOsition l2.7l to evaluate Af, Seal, Scal^, |Ap and Scalo at (0, 0). 
We first compute the derivatives of T: 

To ==26 Ti^a{2z + l) + b{l + i)z^a + 0il) 

Tu-2a T,j = T^,=b{l + t). 

From the last formula, we get AqT = —26, where Aq be the sub-Laplacian for 6*0- 
Proposition 12 . 71 then gives 

Seal 2AoT - 2TiTi = -46 - 2|a(2z + 1) + 6(1 + ^)z|^ 

All = iTii - i{Tif ^ i{2a - a^) + 0(1), 

Ab Seal = Ao Scal-(AoT) Scal+Ti Scal^ Scali 

= -8a2(a- 2) - 80^6 + 0(1), 

Scalo = iTi Scal^ -iT^ Scali +^(To + ImTi^) Seal = 86^. 
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Therefore, at {z,w) = (0,0), 

Ab Seal = -Sa^ia + 5-2) Scal^ = iia^ + 2hf 

(6.4) 

Scalo = 46(a2 + 26) jylp = 0^(0 - 2)^. 

Observe that the four polynomials on the right-hand sides are linearly independent 
and 

iAfcScal+iscal2-|yl|2 ^4(a2 + 

Since the right-hand side agrees with Q' given in (I6.3p . we obtain (|1.3p . 

6.3. Explicit formula of P' . Having found Q' , we can compute P' by using the 
transformation rules (j4.2l) and (j5.2l) . 

Proposition 6.3. Lei 6 he a pseudo-Einstein contact from on Kfi . Then P' agrees 
with 

Df = Alf - Re(Scal/i - 2iAnfy\ 
In particular, P' is self-adjoint on £ . 

Proof. For T £ V, consider a family of contact forms 9^ = e'^^9. Then, denoting 
hy S — {d/de)\t=o, we have from Proposition 12 . 71 that 

6{Ab Seal) = 2A2t - Seal AfeT + 2 Re(Scal,i T^), 
(5(Scal^) =4ScalAbT, 
5(|An =-2Re(*AnT"), 

and hence 

SQ' ^ AlT + i Seal AfeT + Re(Scali + 2iAiiT"). 
On the other hand, using Scali — iAn^^, we have 

Re ( Seal Ti - 2^11X1) = Re ( Scal^ Ti + Seal Ti^ 

- 2iAii/Ti - 2iAiiT") 

= -i Seal AfcT - Re (Scali + 2iyliiT"). 

Thus we get 6Q' = DT, which implies P' = D. The self-adjointness of D follows 
from the divergence formula J^^ ti^^ — for ti G £i(—l) and the Leibniz rule. □ 

We next derive the formula of P' for general contact form by using the transfor- 
mation rule (|4.2|) . We modify D by adding two terms that vanish for 6 G VS: 

Pc.,bf = Df + ReiaS^fi)+bQf, 

where a € C and e M. 

Lemma 6.4. For any scaling 6 = e^6 and f G £ , one has 

h,bf ^Pc.,bf + P{rf) - TP/ + {b- i)/PT 

+ Re [(2 - 3a)/iPiT - 4TiPi/] . 
Proof. A straightforward computation using Proposition 12.71 gives 

Df = Df + 2Re(2Tii/i + Ti Vi + TVn - Ti/i^)'!. 
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Expanding the second term gives 3rd order derivatives of / and T. Such derivatives 
can be replaced by Pi , and lower order terms by using 

= P^T -iT\ 

Tii^ = PiT + 2iTio + ScalTi 

Ti" = P^T + i^^Ti, 

which follow from PiT = T^u + iAnT^ and (pHI) . Thus we get 

Df = Df + 2Rc(2Tii/i + TiVi + T^fn - Tih^y^ 

= Df + 2 Rc(3/iPiT - 2tT\h + 2«T Vio 

+ 2Tii/ii + T"/u + ScalTVi). 

Applying the same method to Pf = 4(P^/).i gives 

P(T/) = TP/ + /PT + 2Rc(2TiPi/ + 2/iPiT 

+ 2iTio/i + 2zTVio + 2TiV\ + T"/n + ScalTVi). 

Thus 

Df = Df + P(T/) - TP/ - /PT + 2 Re (/iP^T - 2T^Pi/) . 
Combining with the transformation rule of 5*1 and Q, we get the lemma. □ 

By this lemma, we see that Pa.bf = Pa,bf + PC^f) holds for f £ V and T E £ 
if and only if a = 2/3 and 6=1. Therefore, we get 

P'f = Df + 2/3Re{S^fi) + Qf. 

We know that P' is self-adjoint on V if M is the boundary of a strictly pseudoconvex 
domain in a Stein manifold. It follows that the first order operator Re(S'^/i) is also 
self-adjoint on V. We can prove this fact directly by using iddloghg as follows: 
RecaU that -3L*{dd\oghg) = iSiO^ A 6i + iSjO' and so 

zip- d)Lp hddloghe ^2Re{S^Lpi)e hde on M. 

Taking pluriharmonic extensions of Lp and t/'j we get 

2/ VRe(5Vi)6'Arf6' = 3 / d{il:(d - d)ip A ddloghg) 

J M JD 

= 3 / [d^j Adifi + dip Adi^) Addloghg. 

JD 

The last integral is symmetric in Lp and thus Re(5^</?i) is self-adjoint on V . We 
remark that this proof does not use the Einstein Kahler metric on the domain. 

6.4. Burns-Epstein invariant. We start by recalling the definition of the in- 
variant /i from Burns-Epstein [BElj . Suppose that M is compact and has trivial 
holomorphic tangent bundle T^'^ . Then we may take a global admissible coframe 
9,9^,9^ such that d9 — i9^ A 9^. Using the globally defined connection form uji^, 
we define a 3-form 

(-yda;ii + id(Scal6i)) A uji^ - 2\A\^9 /\ 6^ A 9^ . 

While the definition depends on a choice of coframe, it is shown that the de Rham 
class of TC is determined by the CR structure and 

fc 

gives a CR invariant, which is called the Burns-Epstein invariant. We can easily 
generalize the definition to the case where ci{T^ '^) is a torsion, i.e. ci(T^'°) ~ 
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in if^(M, K). In this case, instead of taking a global coframe, we can choose local 
coframe such that the transition functions are given by constants. Then oji^ does 
not depend on the choice of the frame and TC is well-defined. Note that this 
condition holds if M admits a psudo-Einstein contact form; see |L2[ Prop. D], the 
proof also holds for the case n = 1. 

We now assume that M admits a pseudo-Einstein contact form. Then there is 
a natural choice of frame so that TC agrees with a pseudo-hermitian invariant in 
£{—2) for 9 e VS. To formulate it, we give a characterization of pseudo-Einstein 
condition in terms of the connection form, which holds for all dimensions. 

Lemma 6.5. A contact form 9 on Af^""*"^ is pseudo-Einstein if and only if there 
exists an admissible local coframe 6, 0", such that 

(6.5) — '^"'^ uja" + ii/n)Scal9 — 0. 

Proof. We follow the proof of [L2j Th. 4.2]. We take an admissible coframe such 
that h^-^ = S^-p] then 9 is normalized by 

( = e''f'9 A A • • • A 

for any real function ■0. If 9 is psudo-Einstein, we may choose ip so that ^ is closed. 
Then, replacing 9^ by e^^6^, we may assume that C = 6* A 6*^ A • • • A 0"+^ is closed, 
so that = = "'^a" A C. Since cJq," is pure imaginary due to dh^-^ — 0, we see 
that uja" + iu9 = for a real valued function u. Applying d to this formula gives 

= duja" + iud9 + iduA9= (Ric^^g -uh^-^)0°' A 9'^ mod 9. 

Thus we get Seal— nw = and hence (j6.5p follows. The converse follows from 
dC = -Wc," AC = OforC = 6'A6liA---A 6l"+i. □ 

Now we specialize the proposition to the case n = 1. Then the transition function 
between two admissible frame 9^ satisfying (16.51) is given by a constant in S^; hence 
uji^ is globally defined. Substituting uji^ = —i Scal6' and 9^ A 9^ = —id9 into TC 
gives 

TC = — ^(Scal^ -4\A\^)9 A d9. 
167r^ 

We have thus proved 

Theorem 6.6. On a compact pseudo-Einstein manifold , one has 

(6.6) / Q' = -4^V(*^)- 

JM 

In conformal geometry, Alexakis[^ showed that any, local, volume form valued, 
Riemannian invariant I{g) whose integral is a conformal invariant for any compact 
manifold can be decomposed into three parts: 

I{g) = c PfafFian + (local conformal invariant) -f (exact form). 

A natural analogue of Alexakis' theorem in CR setting may be given as follows: 
If I{9) S £{—n — 1) is a local pseudo-hermitian invariant such that the integral is 
independent of the choice of 6* G VE, then 

I{9) — cQ' + (local CR invariant) -f (exact form) 

for any 9 e VS. 

In case n — 1, we can verify this by a direct computation: By Lemma 16.11 we 
know that I{9) modulo exact forms is of the form ci Scal^ -|-C2|Ap. On the other 
hand, we know that 4Q' = Seal — 4|^p -I- (exact form). Since Seal is not a CR 
invariant for 9 G VS, we should have 

I [9) = ciQ' + (exact form). 
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Here we do not have the CR invariant part, simply because there are no CR invariant 
in £{-2) on AP; see [GT], [HKN] . [IE] . 



6.5. Variational formula. Let Zi be a frame of T^'". Then, for (ySn £ £11 (1), we 
may define a one-parameter family of CR structure by the frame 

Zl = Zi+ eipi^Zj. 

Note that this family is independent of the choice of frame Zi and is intrinsically 
defined from ipn. We will denote the family of CR manifolds by {M^}. Then, by 
[BETI Prop. 3.4] and CL, Prop. 2.6], we have 

^ q'(A/,) =2Re / fnO^\ 

where O^^ G £^^{~3) is the Cartan curvature of AI : 

= - Seal" -- Seal A" - + -A" i\ 
6 2 ' 3 ' 

There is a special class of deformation parametrized by a density 

Such a deformation is realized as a smooth family of surfaces in a fixed complex 
manifold, and are called Kuranishi wiggles. Note that Pn : £{1) — £iiO-) is a CR 
invariant operator and so is the formal adjoint 

P^,:£'H-3)^£{~3). 

These are respectively the first and the last of the deformation complex, which is 
the BGG complex for the adjoint representation of SU(n + 1, 1); see lCSS ]. Using 
the double divergence, we can define a CR invariant O = PiiO^^ E £{—3). It is real 
valued, since the Bianchi identity for the Cartan curvature CL, Prop. 3.1] gives 
ImPi*iO" = 0. Recall from [Gl] that there is a unique CR invariant in f (— 3) and O 
should agree (up to a constant multiple) with the obstruction function ri\^ £ ^(~3) 
defined by (|2.3I) . If Af^ is parametrized by Puf, f G f(l), then integration by part 
gives 

(6.7) ^ Q'(M,) = 2Re / fO. 

de t=o Jm 

Observe that the imaginary part of / does not contribute to the integral since 
O is real. This is consistent with the fact that Im/ corresponds to the trivial 
deformation given by the pull-back by contact diffeomorphisms; see jCLi Lem. 3.4]. 

7. Appendix: Hartogs' theorem for pluriharmonic functions 

In Theorem 14. 5[ we have assumed that AI is the boundary of a domain I? in a 
Stein manifold. But we can weaken it since we have only used the following two 
facts: 

(1) D admits asymptotically Einstein Kahler metric; 

(2) Any f E V has pluriharmonic extension to D. 

We know by Theorem 12.51 that (1) holds if /Cd > 0. While the asymptotically 
Einstein condition seems to be weaker than the Einstein condition, so far, we do 
not have examples beyond this class. 

For the Hartogs extension (2), we can give a more general result which is sug- 
gested by Takeo Ohsawa. 

Theorem 7.1. Let D be a bounded strictly pseudoconvex domain with connected 
boundary in a Kahler manifold X of dimension n + 1 > 3. Then CR pluriharmonic 
functions on dD can be extends to pluriharmonic functions on D. 
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Proof. We recall two theorems from the -theory of several complex variables. 
Here D satisfies the assumption of the theorem above; more general statements can 
be found, respectively, in [Ph i Cor. 7] and |GR' Satz 7]. 

Hartogs' theorem for holomorphic forms. Let K C D he a. compact subset 
such that D\K is connected. If p < n — 1, then any holomorphic p-form on D\K 
has holomorphic extension to D. 

i9-Poincare lemma with compact support. If r] is a closed (0, l)-form with 
compact support, then there exists an h E C^{D) such that rj — dh. 

For f G V, take an extension / such that ddf — out side a compact set K C D. 
Then df is holomorphic on D \ K and thus we may find a holomorphic 1 form ip 
such that u := df — f has compact support. Applying d gives du = —dip. The 
left-hand side has compact support, while the right-hand side is holomorphic; hence 
du = on D. Thus we can apply (the conjugate of) 9-Poincare lemma to find an 
h e Cq°{D) such that dh = u. Then, in view of 

ddh ^ du = ddf — df = ddf, 

we see that / — Re h is pluriharnionic on D and its boundary value is /. □ 

The restriction on dimension, n > 2, is caused by the condition p < n — 1 in 
Hartogs' theorem for holomorphic p-forms. This should not be essential but we 
will not go into the detail of this point in this paper. In the case n = 1, the 
self-adjointness of P' for pseudo-Einstein contact form clearly seen from its explicit 
formula, and hence Q is CR invariant even if M is not embeddable. 
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